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Abstract: 
Observations from studies comparing two treatments can involve both paired and independent 
samples. While tests have been proposed to utilize both sample types, most of these either 
assume equal variances across groups or have not been tested under the effect of unequal 
variance. Two methods have been proposed to handle the unequal variance case, but their 
relative performance is unknown. In this paper, a new procedure for the unequal variance case is 
proposed and an extensive simulation study is conducted to compare its performance to 
previously proposed methods. The new method is shown to be the most powerful test in certain 
cases. The simulation study suggests that tests that do not assume equal variance should be 
recommended as the default procedures. 
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Article: 
  
1 Introduction 
In certain experiments, a combination of paired and independent observations may occur. For 
example, studies where two treatments must be applied to the same subject may not be able to 
enroll a sufficient number of subjects. Dubnicka et al. [7] describes an experiment to compare 
two methods of laser eye surgery in which both eyes were available for a small number of 
subjects, while a larger number had only one eye eligible. Thus, subjects with both eyes eligible 
received both methods, randomly assigned to either the left eye or right eye, while the remaining 
subjects were randomly assigned to receive just one of the treatments. The resulting data consists 
of mixed paired and unpaired observations. Lin and Stivers [10] and Bhoj [1,2,3] proposed 
several statistics for combining the paired and unpaired data into a single test. Most of these tests 
assumed sample variances between treatments were equal. 

More recently, Derrick et al. [6] also proposed a combined test that assumed equal 
variance. Dubnicka et al. [7] and Magel and Fu [11] suggested nonparametric tests using 
weighted averages of the Wilcoxon signed-rank and rank-sum statistics, but neither considered 
the unequal variance case. Lin and Stivers [10] was the first to propose a test that did not assume 
homoscedasticity between groups for which they suggested referring their statistic to an 
approximate t-distribution. Bhoj [3] found that this test suffered from inflated Type I error for 
small samples (less than 10), but did not examine any heteroscedastic cases with larger sample 
sizes. Derrick et al. [6] also proposed a statistic using all observations whose distribution was 
approximated using a t-distribution with degrees of freedom found by interpolating between the 
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degrees of freedom of the corresponding paired and Welch t-tests. However, their simulation 
study did not compare the performance of this test to the Lin and Stivers [10] test. 

In this paper, a new procedure for the unequal variance case is proposed. In Sect. 2.1.7, 
we demonstrate that this test is uniformly more powerful than the method introduced by Derrick 
et al. [6]. An extensive simulation study is conducted to compare the performance of the new test 
to the previous methods proposed for the unequal variance case [6, 10]. Previously proposed 
methods assuming equal variance are also studied to explore their robustness to the equal 
variance assumption and to compare their performance to the methods that allow 
heteroscedasticity. 
 
2 Methods 
In this section, the methods to be evaluated in this paper are discussed. Notation utilized 
throughout each approach are summarized in Table 1. 
 
2.1 Previous tests 
 
2.1.1 Zls statistic [10] 
 The Zls statistic [10] was based on a maximum likelihood estimation of the mean difference δ 
using estimators for δ 2

1
 , σ2

2
, and ρ where homoscedasticity was not assumed. The Zls statistic as 

interpreted by Bhoj [3] is given by: 

 
Table 1. Commonly used notation 
X, Y Observation vectors 
X p , Y p  Paired (X, Y ) observations 
X u , Y u  Independent X and Y observations 
n p  Number of total paired observations 
n X u  Number of independent observations from 

Sample X 
n Y u  Number of independent observations from 

Sample Y 
n X p  Number of paired observations from Sample 

X 
n Y p  Number of paired observations from Sample 

Y 
n X  Total number of X observations (nX u + nX p) 
n Y  Total number of Y observations (nY u + nY p) 
n  Total sample size (n X + n Y ) 
X̄  Mean of all X observations 
Ȳ  Mean of all Y observations 
S 𝟐𝟐
𝐗𝐗
  Sample variance of all X observations 

S 𝟐𝟐
𝒀𝒀
  Sample variance of all Y observations 



ρ  Pearson population correlation coefficient 
δ  Population mean difference (μ X – μ Y ) 
γ  Population variance ratio (σ2

𝑋𝑋
 /σ2

Y
) 

 
where g, h are given by 

 
The distribution of Zls is approximated by the Student’s t distribution with n p degrees of 
freedom. In a simulation study including three proposed tests, the Zls test was the most powerful 
test for conditions of unequal variance provided that n p ≥ 10 [3]. 
 
2.1.2 Tb and Zb statistics by Bhoj [1-3] 
The Tb statistic [1] is a weighted combination of paired and independent t-statistics assuming the 
data are normally distributed and can be approximated by Student’s t-distribution. The statistic is 
given by 

 
Bhoj [3] further developed this approach by proposing two new test statistics for comparing 
correlated means in the presence of incomplete data, most notably the Zb test. A simulation study 
revealed that the Zb test consistently outperformed Bhoj’s earlier proposed statistics [1, 2]. This 
statistic is given by 

 
where λb was a weighting constant for the transformed t-statistics U1and U3. See Bhoj [3] for 
transformation details. The Zb statistic was shown in a simulation study to perform best for 
normally distributed data when sample variances were equal. This test is recommended when 
both the sample sizes were less than 10 and the larger sample was associated with the larger 
variance. Bhoj [3] noted that the Zb statistic only performed well for this case and did not 
perform well when the assumption of equal variance was relaxed. 
 
2.1.3 R and Rw statistics [7] 



Two rank-based nonparametric statistics were proposed [7] that were weighted (Rw) and 
unweighted (R) sums of the Wilcoxon signed-rank statistic, S, for paired data and the Wilcoxon-
Mann–Whitney statistic, U, for independent samples. The R statistic is given by (4) and Rw by 
(5): 

 
These statistics were based on a location-shift model and thus equal population spread. In 

a simulation study, the weighted Rw rank statistic was generally more efficient than the 
unweighted R rank statistic. However, the authors recommended using the R statistic instead of 
Rw in cases when the number of paired observations is at least as large as the total number of 
independent observations (n ≥ n1 + n2), when R is nearly as efficient as Rw. 
 
2.1.4 M statistic [11] 
[11] modified the weighted test statistic Rw. They proposed a statistic M by first using the 
standardized Wilcoxon signed-rank S∗ and Wilcoxon-Mann–Whitney U∗ statistics, then re-
standardizing their sum as 

 
 
A simulation study found that if the variance of the unpaired data was equal to the 

variance of the paired data, M had approximately the same power as Rw. However, when the 
sample sizes for the unpaired data were equal to or larger than that of the paired data, their 
statistic M exhibited higher power. It is important to note that their proposed test was only 
compared to Rw, and no comparisons were made to other previous methods. They also did not 
evaluate their statistic under unequal variances between groups. 
 
2.1.5 T new1 and Tnew2 statistics [6]  
 
Two new test statistics were introduced [6] for comparing means between two samples that 
include both paired and independent observations. In contrast to the methods described earlier, 
where separate paired and unpaired statistics were computed and then combined, the sample 
means and variances in the statistics below are calculated using all available observations, 
including both paired and independent samples from both X and Y treatment groups. 
 
Tnew1 statistic for equal variances  
The first statistic Tnew1 was proposed as a combination of the pooled and paired t-tests. This test 
assumes σ2

𝑋𝑋
 = σ2

Y
. The test statistic is given by 



 
 
where 
 

 
The Tnew1 statistic is referenced against the t-distribution with degrees of freedom, vnew1, derived 
by linear interpolation between the degrees of freedom of the pooled and paired t-tests: 

 
2.1.6 Tnew2 statistic for unequal variance 
  
The second statistic Tnew2 was proposed as a combination of paired and Welch’s t-tests, and is 
defined as 

 
 
The Tnew2 statistic is referenced against the t-distribution with degrees of freedom vnew2 derived 
by linear interpolation between the Welch-Satterthwaite approximate degrees of freedom and the 
degrees of freedom of the paired t-test: 

 
where 
 

 



In cases where there are no independent observations available, both Tnew1 and Tnew2 
default to the paired samples t-statistic. Similarly, when there are no paired observations, Tnew1 
defaults to the two-sample T -statistic, and Tnew2 defaults to Welch’s test statistic. 
 
2.1.7 Modification of Tnew2 test 
 
 The test based on Tnew2 used the Pearson product-moment estimator, r, of the population 
correlation, ρ. However, it is known that r is biased for estimating ρ [8]. Thus, a modified 
statistic is proposed: 

 
 
where ρ∗ is an unbiased estimator of ρ [12] given by 

 
Further, the distribution of Tnew2 was estimated as a t-distribution with degrees of freedom 
derived by linear interpolation between the Welch-Satterthwaite approximate degrees of freedom 
and the degrees of freedom of the paired t-test. However, linear interpolation is a conservative 
estimate between two degrees of freedom [9]. Thus, a less conservative approximation is 
proposed, which is the sum of the paired t-test and Welch-Satterthwaite degrees of freedom: 

 
This modified procedure will have uniformly higher power than the Tnew2 test. 
 
Comparison of degrees of freedom fadj and vnew2 
  
Let f1 be the degrees of freedom for the paired t-test and f2 for the Welch-Satterthwaite test. It is 
known that both f1 and f2 are strictly greater than 0. The degrees of freedom vnew2 for Derrick’s 
Tnew2 statistic is derived using a linear interpolation between f1 and f2 (9) and Tadj is derived by 
the sum (11). 
Proof We begin with the statement of fadj: 

fadj = f1 + f2. 
Assume that n p > 1. Then, f2 > f2 − n p − 1 and 

fadj > f1 + f2 − n p − 1. 



Next, since n p, n X u, n Y u > 0, we have . Then, 
 

 
For which we have 

 
Therefore, fadj > vnew2 where n p, nX u, nY u > 0 and n p > 1. 
 
3 Simulation study  
 
Power and Type I error rates of all tests discussed in Sect. 2, including the new approach, were 
estimated. The Wilcoxon signed-rank test S and the standard paired t-test t were also included to 
compare against the extreme case of discarding the independent observations. 
 
Table 2. Sample size settings 
Total sample size n Sample sizes (np, n 

Xu , n Yu) 
Paired proportion n 
p/ n 

Independent 
proportion (n X u + n 
Y u 

n = 20 (5,5,10) 0.25 0.33 
 (5,10,5) 0.25 0.66 
 (5,7,8) 0.25 0.50 
 (5,8,7) 0.25 0.50 
 (10,5,5) 0.50 0.50 
 (10,7,3) 0.50 0.70 
 (10,3,7) 0.50 0.30 
 (15,2,3) 0.75 0.40 
 (15,3,2) 0.75 0.60 
n = 60 (15,15,30) 0.25 0.33 
 (15,30,15) 0.25 0.66 
 (15,22,23) 0.25 0.50 
 (30,15,15) 0.50 0.50 
 (30,21,9) 0.50 0.70 
 (30,9,21) 0.50 0.30 
 (45,7,8) 0.75 0.50 
 (45,8,7) 0.75 0.50 

 
3.1 Design  
 



Paired samples were generated with Pearson correlation values of ρ = 0.1, 0.3, 0.5, and 0.9. 
Samples were generated using either γ = σ2

𝑋𝑋
 /σ2 

𝑌𝑌 
 = 1, 2, or 4. Normally distributed data were 

generated as bivariate normal pairs (X, Y ) with specified means, variances and correlation. 
Observations were randomly deleted from each variable separately to create unpaired 
observations. Type I error was estimated using a mean difference of δ = μX −μY = 0 at α = 0.05, 
and power was estimated for δ = 0.5 and 1. For all mean difference tests, the tested null and 
alternative hypotheses are given by: 
 

H0: δ = 0                                                                  H1: δ > 0. 
 
Overall sample sizes of n = 20 and n = 60 were chosen to represent small and moderate 

samples sizes, respectively. Each sample size n was tested with several proportions of paired and 

unpaired observations,  Also considered were different equal and unequal sets of 
unpaired X and Y. Simulation sample size settings are given in Table 2. A given sample size tuple 
is given by (n p, n X u, nY u). Type I error and power were estimated as the proportion of rejections 
out of 5000 data sets for each variance, mean difference, sample size, and correlation 
configuration. 
 
3.2 Simulation results 
 
 A comparison of several statistical tests for their effectiveness in handling unequal variance is 
included in this section. Many of these, as seen in the literature review, have not been tested for 
this effect of unequal variance nor compared under the same conditions. The statistics considered 
in this study include Zls (1) by Lin and Stivers [10], Tb (2) and Zb (3) by [3], R (4) and Rw (5) by 
[7], M (6) by [11], Tnew1 (7) and Tnew2 (8) by Derrick et al. [6], the Wilcoxon signed-rank statistic 
S, the paired t-statistic, and our proposed Tadj (10). Seven simulations in this section selected 
from Table 2 are discussed as representative of all results. All simulation results are listed in the 
Appendix.1 

 
Table 3 Type I error estimates for samples (5, 5, 10) for γ = 2, 4 

 
3.2.1 Type I error  
 
To define which estimates are admissible, a confidence interval for 5000 observations is given by 
[α − 0.015, α + 0.015]. For our simulations at α = 0.05, this choice is a moderate choice between 
[4]’s criteria for liberal and stringent meanings of robust Type I error rate, specifically 0.7α ≤ π ≤ 
1.3α. All of the tests derived under the assumption of equal population variances (Tb, Zb, R, M, 
and Tnew1) showed inflated Type I error estimates under heteroscedasticity and were thus 



determined to be inadmissible (See Table 3). In contrast, Tnew2 and Tadj did not suffer from this 
problem and were always admissible. Zls occupied a middle ground, showing inflated Type I 
error for n p < 10 (See Table 3) but acceptable error estimates for all cases where n p ≥ 10 (See 
Table 4). 
 
Table 4 Type I error estimates for samples (10, 7, 3) for γ = 2, 4 

 
 
3.2.2 Power 
  
Power was estimated for all tests found to be admissible. Tadj and Zls consistently had the highest 
power. Among these two tests, Tadj demonstrated the higher power for scenarios with low 
correlation (ρ = 0.1), Zls higher power for high correlation (ρ = 0.9), and the two had similar 
power with moderate correlation (ρ = 0.5). Tables 5 and 6 demonstrate these findings for small 
samples, and Tables 7 and 8 show similar relationships with larger samples. These relationships 
were consistent across all sample sizes and configurations of paired and unpaired observations. 
For cases with ρ = 0.9, where Zls enjoyed a power advantage over Tadj, the disparity tended to be 
larger than when Tadj was more powerful (ρ = 0.1). However, these disparities became smaller as 
the true effect (δ) became larger. (See Tables 5 and 6). An interesting finding was that one of Tadj 
or Zls was also most powerful even when variances were equal (See Table 9). 
 
Table 5 Power estimates for samples (10, 7, 3) for δ = 0.5, 1.0 

 
 
Table 6 Power estimates for samples (10, 3, 7) for δ = 0.5, 1.0 



 
 
Table 7 Power estimates for samples (15, 22, 23) for δ = 0.5 

γ ρ Tadj Zls Tnew2 t S 
1 0.1 0.6888 0.6688 0.6842 0.3900 0.3978 
1 0.3 0.7192 0.7134 0.7130 0.4692 0.4682 
1 0.5 0.7572 0.7746 0.7502 0.5826 0.5772 
1 0.9 0.8338 0.9960 0.8288 0.9906 0.9890 
2 0.1 0.4072 0.3918 0.3974 0.2156 0.2186 
2 0.3 0.4262 0.4228 0.4190 0.2436 0.2492 
2 0.5 0.4472 0.4658 0.4404 0.2864 0.2916 
2 0.9 0.4898 0.7504 0.4794 0.4778 0.4796 
4 0.1 0.1880 0.1858 0.1818 0.1162 0.1184 
4 0.3 0.1896 0.1928 0.1840 0.1214 0.1224 
4 0.5 0.1966 0.2046 0.1872 0.1270 0.1284 
4 0.9 0.2070 0.2686 0.2000 0.1414 0.1458 

 
Table 8: Power estimates for samples (45, 8, 7) for δ = 0.5 

γ ρ Tadj Zls Tnew2 t S 
1 0.1 0.8356 0.8288 0.8318 0.7802 0.7636 
1 0.3 0.9008 0.8988 0.8962 0.8658 0.8480 
1 0.5 0.9526 0.9596 0.9508 0.9462 0.9362 
1 0.9 1.0000 1.0000 1.0000 1.0000 1.0000 
2 0.1 0.5142 0.5096 0.5058 0.4568 0.4410 
2 0.3 0.5730 0.5666 0.5634 0.5198 0.5008 
2 0.5 0.6414 0.6490 0.6330 0.6044 0.5796 
2 0.9 0.8312 0.9226 0.8266 0.8714 0.8562 
4 0.1 0.2240 0.2190 0.2204 0.1988 0.1892 
4 0.3 0.2350 0.2308 0.2298 0.2130 0.2022 
4 0.5 0.2474 0.2468 0.2416 0.2282 0.2174 
4 0.9 0.2868 0.3074 0.2804 0.2714 0.2628 

 
Table 9 Power estimates for samples (10, 5, 5) for γ = 1 



 
 
4 Example 
 
The tests discussed in the paper are applied to experimental data on the effect of movie 
genre on sleep fragmentation score: the quality of sleep for an individual for a given night [5]. 
The research question was whether watching a horror movie leads to higher sleep fragmentation 
compared to watching a ‘feel-good’ movie. Study participants were randomly assigned to either a 
between-subjects design (stage 1), representing independent observations, or a repeated measures 
(stage 2) part of the investigation, representing paired observations. In the first stage of the study, 
the sleep fragmentation score is taken over one night, for two groups of individuals. Participants 
in the single movie design watch either a ‘horror’ or a ‘feel-good’ movie before bedtime. 
Participants in the repeated measures group watch a ‘feel good’ movie and a ‘horror’ movie on 
two alternate nights before bedtime, where the order of the viewing is randomized for each 
participant. The sleep fragmentation scores are given in Table 10.  
 
Table 10 Sleep fragmentation scores obtained for each individual (ID) 
 

 
Several sample statistics may be observed from this example. This example is fitting for our 
discussion since the ratio of sample variances is S2

𝑋𝑋
 /S2

𝑌𝑌
 = 2. These data also have a moderately 

high correlation estimate given by the sample Pearson correlation of 0.74. Table 11 shows the p-
values for our discussed tests.  
Table 11 p-values of tests for sleep fragmentation study 
Test   p-value 



Tadj    0.010 
Zls   0.021 
Tnew1   0.026 
Tnew2   0.026 
S   0.088 
Paired t   0.111 
Independent t   0.118 

Recall that the Zls test is inadmissible for fewer than 10 paired observations. This data set only 
includes 8 paired observations. With this exception, we observe the same order of power as from 
the power simulations in Sect. 3. 
 
5 Discussion  
A comprehensive study was conducted of the relative performance of several tests to compare 
means from the data that contain both paired and unpaired observations. While no single 
procedure emerged as the overall best choice, the simulations suggest the following 
recommendations:  

1. The proposed test based on Tadj is recommended where the number of paired observations 
is less than 10 for all correlation levels, and for n p ≥ 10 where the correlation between 
paired observations is low. 

2.  The Zls test is recommended for n p ≥ 10 where the correlation between paired 
observation is moderate to high.  

 
The previously proposed tests derived under the assumption of equal population variance - Tb 
[1], Zb [3], R/Rw [7], M [11], and Tnew1 [6]—are not recommended if equal variances cannot 
be assumed as all showed inflated Type I error rates for these cases. Further, the tests based 
on Tadj and Zls showed comparable power to these tests for the equal variance cases, and thus 
Tadj and Zls should be regarded as the default tests whenever the true variance ratio, σ2

𝑋𝑋
 /σ 2

Y
 , 

is unknown. 
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